Phenomenological invariants and their application to geometrically nonlinear formulation of triangular finite elements of shear deformable shells  by Kuznetsov, V.V. & Levyakov, S.V.
International Journal of Solids and Structures 46 (2009) 1019–1032Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/ locate / i jsols t rPhenomenological invariants and their application to geometrically nonlinear
formulation of triangular ﬁnite elements of shear deformable shells
V.V. Kuznetsov, S.V. Levyakov *
Department of Engineering Mathematics, Novosibirsk State Technical University, 630092 Novosibirsk, Russia
a r t i c l e i n f o a b s t r a c tArticle history:
Received 15 August 2008
Received in revised form 6 October 2008
Available online 1 November 2008
Keywords:
Shell
Geometrical nonlinearity
Transverse shear
Phenomenological invariants
Finite element0020-7683/$ - see front matter  2008 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2008.10.010
* Corresponding author. Tel.: +7 383 346 07 33.
E-mail address: stan-levyakov@yandex.ru (S.V. LevA phenomenological deﬁnition of classical invariants of strain and stress tensors is considered. Based on
this deﬁnition, the strain and stress invariants of a shell obeying the assumptions of the Reissner–Mindlin
plate theory are determined using only three normal components of the corresponding tensors associated
with three independent directions at the shell middle surface. The relations obtained for the invariants
are employed to formulate a 15-dof curved triangular ﬁnite element for geometrically nonlinear analysis
of thin and moderately thick elastic transversely isotropic shells undergoing arbitrarily large displace-
ments and rotations. The question of improving nonlinear capabilities of the ﬁnite element without
increasing the number of degrees of freedom is solved by assuming that the element sides are extensible
planar nearly circular arcs. The shear locking is eliminated by approximating the curvature changes and
transverse shear strains based on the solution of the Timoshenko beam equations. The performance of the
ﬁnite element is studied using geometrically linear and nonlinear benchmark problems of plates and
shells.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The stress–strain state at a point of a deformable body is fully
determined by the stress and strain tensors. The physically signif-
icant parameters of the tensors are their invariants considered in
almost every book on the theory of elasticity (see, e.g., Timoshenko
and Goodier, 1970; Lurie, 2005). In contrast to the tensorial compo-
nents whose values depend on the choice of coordinate system
used to describe the body, the values of the invariants remain un-
changed whichever coordinates are employed. The strain and
stress invariants as objective characteristics of the stress–strain
state are commonly used to express the strain energy and various
stress measures and also to formulate constitutive laws and
strength and yield criteria (e.g., Kachanov, 1971). To the authors’
knowledge, however, the invariants have so far seen little use in
developing discrete deformation models and solving the problems
of mechanics of deformable bodies. The present paper is an at-
tempt to ﬁll the gap with reference to shells, denoted as prima
donnas of structures (Chapelle and Bathe, 1998).
Discrete deformation models of plates and shells have been a
challenging topic since the advent of the ﬁnite element method.
Much attention of academic and industrial researches has been fo-
cused on the development of efﬁcient shell ﬁnite elements for lin-
ear and nonlinear analysis of thin-walled structures. Some popularll rights reserved.
yakov).approaches for constructing shell ﬁnite elements were reviewed by
Yang et al. (2000).
To develop shell ﬁnite elements for general applications, it is
necessary to take into account transverse shear strains which have
a pronounced effect on deformation behavior of thick shells and
thin shells made of transversely isotropic and anisotropic materi-
als. To this end, the ﬁrst order shear deformation theory referred
to as the Reissner–Mindlin plate theory is commonly used as a ﬁrst
approximation for shear deformable plates and shells. According to
this theory, the transverse shear strains are assumed to be constant
through the shell thickness and a correction factor is introduced to
account for nonuniform shear–stress distribution across the thick-
ness. Compared to the classical shell theory based on the Kirch-
hoff–Love hypotheses, the Reissner–Mindlin theory relaxes the C1
continuity requirements for the displacement ﬁelds on the interel-
emental boundaries and seemingly simpliﬁes the construction of
shell ﬁnite elements. However, the corresponding low-order Reiss-
ner–Mindlin ﬁnite element models exhibit poor mesh convergence
of the solution as the shell thickness tends to zero, a phenomenon
referred to as shear locking. To overcome shear locking, various
techniques have been proposed: reduced integration (Zienkiewicz
et al., 1971), assumed transverse shear strain (Huang and Hinton,
1986; Jang and Pinsky, 1987; Hong et al., 2001), mixed interpola-
tion of tensorial components (Bathe and Dvorkin, 1986; Chapelle
and Bathe, 2003), discrete shear gap method (Bletzinger et al.,
2000), etc. An effective method to eliminate shear locking is to
use shape functions for deﬂection and rotations based on the
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vides uniﬁed formulation for thin and thick plates and ensures sta-
ble convergence of the corresponding ﬁnite-element solutions. The
Timoshenko beam function method has been used to construct
shear-locking free elements for linear and geometrically nonlinear
analysis of plates by Ibrahimbegovic (1993); Chen and Cheung
(2001) and Zhang and Kim (2005). Argyris et al. (1997, 2000)
developed a ﬂat triangular shell element based on the natural
mode approach where shear locking was eliminated in a physical
manner using the ﬁrst order shear deformable beam theory.
Critical review of some popular shear-deformable shell elements
included in the libraries of modern commercial ﬁnite-element soft-
ware packages can be found in Laulusa et al. (2006). Attempts to
avoid locking phenomena and improve performance of shell ﬁnite
elements result in complex formulations which require much
numerical work. Despite the fact that computational time and
memory limitations may turn out to be of minor signiﬁcance due
to the rapid improvement computer performance, a simple, robust,
and easy-to-implement ﬁnite element is believed to be of practical
interest. A considerable part of growing body of literature on plate
and shell ﬁnite-element models deals with triangular elements,
which are convenient inmeshing shell structures of irregular shape.
In the present paper, an approach for formulating a 15-dof
curved triangular ﬁnite element is proposed for geometrically non-
linear analysis of elastic transversely isotropic shear deformable
shells. The aim is to construct a physically sound, compact, and
easy-to-implement element and provide reasonable accuracy
without increasing the number of degrees of freedom. The ap-
proach is based on the previous studies by Kuznetsov (1991a,b);
Kuznetsov and Obraztsov (1993) in which a phenomenological def-
inition of invariants in the theory of elasticity is introduced based
on the determination of squared elementary area in the two-
dimensional case and squared elementary volume in the three-
dimensional case without using the concept of coordinate refer-
ence. According to this deﬁnition, the invariants of the tensors
can be calculated using a wide class of quantities that are not nec-
essarily tensorial components. Hence, there is freedom to choose
the quantities on the basis of on convenience and physical meaning
of the problem in question. Based on the phenomenological invari-
ants, the basic relations of the following well-known theories of
deformation models can be formulated in terms of the strain and
stress invariants: the Kirchhoff–Love and Reissner–Mindlin theo-
ries of plates and shells, the theory of shells taking into account
transverse stretch, the Kirchhoff–Clebsch theory of spatial rods,
theory of spatial shearable rods, etc.
For triangular ﬁnite elements, Cartesian coordinates appear to
be inconvenient and, hence, natural coordinates (Argyris et al.,
1997) associated with the triangle sides are more appropriate for
the formulation purpose. The strains and curvature changes deter-
mined in the directions of the triangle sides (referred to as the nor-
mal components of the corresponding tensors) fully characterize
the strain state. Below, special formulas are obtained to calculate
the strain and stress invariants in terms of the normal components
and determine the strain energy, the starting point for formulating
the ﬁnite element. At this stage the invariant representations are
advantageous since they allow one to (1) eliminate lengthy coordi-
nate transformations since no local coordinates are required and
(2) express the strain energy as a function of one-dimensional
quantities (normal components of the strain tensor) which are
much easier to approximate based on their physical meaning than
two-dimensional displacement ﬁelds.
The ﬁnite-element method is an approximate method of analy-
sis. In the present paper, an attempt is undertaken to provide max-
imum predictive accuracy using a simple shell ﬁnite-element
model. The emphasis is put on bending behavior to allow ﬁnite
curvature changes within the element, whereas membrane andtransverse shear strains are assumed to be constant. The curvature
changes and transverse shear strains are approximated based on
the solution of the Timoshenko beam equations, and the strains
of the element sides are determined as strains of extensible planar
nearly circular curves by integrating well-known differential geo-
metric relations. In the process, no shape functions for the dis-
placement ﬁelds are used.
The present paper is a continuation of the previous studies
(Kuznetsov and Levyakov, 2007, 2008) where phenomenological
invariants of two-dimensional tensors proved effective in formu-
lating Kirchhoff–Love shell ﬁnite elements. The ﬁnite-element
model presented below generalizes the model of Kuznetsov and
Levyakov (2008) to the case of shear deformable shells.
Speciﬁc features which differ the element proposed from the
natural mode element and conventional plate/shell ﬁnite elements
reported in the literature can be summarized as follows:
 The geometry of the initially curved element is described not
only by the nodal coordinates, but also by nodal normal vectors
to the shell middle surface;
 Finite curvature changes and, hence, large displacements are
allowed within the ﬁnite element;
 No shape functions are constructed for the displacement ﬁelds;
the membrane strains, the curvature changes, and the trans-
verse shear strains which enter the expression for the strain
energy are approximated directly using exact solutions of cer-
tain differential equations describing related one-dimensional
problems;
 The application of invariants of rank-two tensors to the strain
and stress analysis of shells using triangular elements is shown;
 Formulation of the element is physically sound, and formulas
necessary for implementation of the element are compact and
readily programmable.
The paper is organized as follows: Sections 2–4 introduce phe-
nomenological deﬁnition of invariants of rank-two symmetric ten-
sors. Section 5 gives speciﬁc invariants for a triangular element of a
shell used to determine the strain energy of the element for given
strains in three non-parallel (independent) directions. Sections 6
and 7 deal with kinematics and strains of the shell ﬁnite element.
Section 8 gives formulas for calculating the ﬁrst and second varia-
tions of the strain energy which are required to formulate govern-
ing equations for determining equilibrium conﬁgurations of the
discrete model of a shell. Section 9 presents results of numerical
testing the ﬁnite element proposed. Finally, Section 10 summarizes
basic points used in the approach and results obtained.
2. Generalized deﬁnition of symmetrical tensors
We call E a two-dimensional symmetric rank-two tensor if its
covariant components have the form Emn(m,n = 1,2) and satisfy
the condition Emn = Enm. Similarly, E is called a three-dimensional
symmetric rank-two tensor if its covariant components have the
form Emn(m,n = 1,2,3) and satisfy the condition Emn = Enm. Two-
dimensional tensor has two independent invariants IE and IEE and
three-dimensional tensor has three independent invariants IE, IEE,
and IEEE. The invariants IE, IEE, and IEEE are linear, quadratic, and cu-
bic functions of the components Emn, respectively.
We consider the following generalized deﬁnition of a symmetric
tensor: a two-dimensional symmetric tensor E is an object charac-
terized by three quantities Ei (i = 1,2,3) related to the covariant
components Emn(m,n = 1,2) by three linearly independent relations.
Similarly, a three-dimensional symmetric tensor E is an object char-
acterized by six quantities Ei (i = 1, . . .,6) related to the covariant
components Emn(m,n = 1–3) by six linearly independent relations.
Thus, the components Ei and Emn can be related uniquely. We call
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may or may not have physical meaning. Below, preference is given
to physically meaningful generalized components of tensors.
3. Invariants of two-dimensional tensors
Invariants of any two-dimensional symmetric tensor can be ob-
tained by using uniﬁed formulas (referred to below as templates).
We consider the phenomenological deﬁnition of the ﬁrst and sec-
ond invariants of the Green strain tensor denoted by IE and IEE
(Kuznetsov, 1991a).
It is known that, for the two-dimensional case, the following
relation holds (see, e.g., Lurie, 2005):
F2
F2
¼ 1þ 2IE þ 4IEE: ð3:1Þ
Here F is the elementary areaof the surface and theasterisk denote the
quantities which refer to a deformed state. The quantity F*2 can be
decomposed into three components (Kuznetsov andObraztsov, 1993)
F2 ¼ F2 þ F21ðEmÞ þ F22ðEmEnÞ ðm; n ¼ 1;2;3Þ; ð3:2Þ
where Em are any independent quantities related to the covariant
components of the Green strain tensor by linear relations. We will
call Em the generalized components of the tensor. Expressions
(3.1) and (3.2) imply
IE ¼ F
2
1ðEmÞ
2F2
; IEE ¼ F
2
2 EmEnð Þ
4F2
: ð3:3Þ
Formulas (3.3) give the phenomenological deﬁnition of the tensor
invariants.
Let an inﬁnitely thin body (a plane or a surface) be determined
by convective curvilinear coordinates am(m = 1,2). The body met-
rics is determined by a quadratic form amndamdan (summation over
m, n = 1,2), where amn = R,mR,n are the covariant components of the
metric tensor a, R is the radius vector, and indices after comma de-
note differentiation with respect to the curvilinear coordinates.
The squared elementary area of the surface is given by
F2 ¼ det kamnkda21da22; F2 ¼ det kamnkda21da22; amn ¼ R;mR;n:
ð3:4Þ
Using the deﬁnition of the Green strain tensor Emn ¼ 12 ðamn  amnÞ,
we write amn as
amn ¼ amn þ 2Emn: ð3:5Þ
Substituting (3.5) into (3.4), we obtain
F2 ¼ F2 þ F21ðEmnÞ þ F22 EmnEpq
 
;
F21ðEmnÞ ¼ 2 a22E11 þ a11E22  2a12E12ð Þda21 da22;
F22 EmnEpq
  ¼ 4 E11E22  E212 da21 da22: ð3:6Þ
In view of (3.6), we write (3.3) as
IE ¼ 1D ða22E11 þ a11E22  2a12E12Þ; IEE ¼
1
D
E11E22  E212
 
; ð3:7Þ
where D ¼ a11a22  a212 is the discriminant of the metric tensor. In
Cartesian coordinates, expressions (3.7) become
IE ¼ E11 þ E22; IEE ¼ E11E22  E212: ð3:8Þ
Below, we refer to formulas (3.7) as templates.
Let a tensor G be written as a sum of two arbitrary tensors E and
H. In this case, invariants of G are given by
IG ¼ IE þ IH; IGG ¼ IEE þ IEH þ IHH; ð3:9Þ
IEH ¼ 1D ðH22E11 þ H11E22  2H12E12Þ: ð3:10ÞThe ﬁrst relation in (3.9) contains the invariants deﬁned above,
whereas the second relation in (3.9) contains new invariant IEH
(3.10) which we call the combined invariant of two tensors.
As can be seen from relations (3.7), the phenomenological def-
inition of the invariants (3.3) is a uniﬁed deﬁnition. However, ﬁnal
formulas for the invariants depend on the choice of quantities used
to express the squared elementary area and strains of the element.
Nonetheless, the values of IE and IEE remain unchanged whichever
quantities are chosen. Formulas (3.7) apply to any two-dimen-
sional tensor determined by its covariant components.
4. Invariants of three-dimensional tensors
Invariants of any three-dimensional symmetric tensor can be
obtained using the phenomenological deﬁnition of invariants of
the three-dimensional Green strain tensor S which do not depend
on the choice of the coordinates (Kuznetsov and Obraztsov, 1993):
V2
V2
¼ 1þ 2IS þ 4ISS þ 8ISSS; ð4:1Þ
where V and V* are the elementary volumes of the undeformed and
deformed body, respectively, and IS, ISS, and ISSS are the ﬁrst, second,
and third invariants of the Green strain tensor, respectively. Since
V*2 can always be written as a sum of linear, quadratic and cubic
functions of the generalized components of S
V2 ¼ V2 þ V21ðSmÞ þ V22ðSmSnÞ þ V23ðSmSnSpÞ; ð4:2Þ
from (4.1) we obtain
IS ¼ V
2
1ðSmÞ
2V2
; ISS ¼ V
2
2ðSmSnÞ
4V2
; ISSS ¼ V
2
3ðSmSnSpÞ
8V2
: ð4:3Þ
Here Sm (m = 1, . . ., 6) are the generalized components of the tensor,
i.e., any independent quantities which depend linearly on the covar-
iant components of the Green strain tensor. Formulas (4.3) deter-
mine three objective quantities IS, ISS, and ISSS whose values
remain unaltered for any choice of Sm and give the phenomenolog-
ical deﬁnition of the invariants of the Green tensor considered by
Kuznetsov and Obraztsov (1993).
Let the body be referred to convective curvilinear coordinates
am(m = 1,2,3). The body metrics is determined by a quadratic form
Amndamdan, where Amn = R,mR,n are the covariant components of
the metric tensor A (metric coefﬁcients), R is the radius vector of
a point of the body, subscript after comma denotes differentiation
with respect to the coordinate am (m = 1,2,3). The squared elemen-
tary volume is given by
V2 ¼ det kAmnkda21da22da23: ð4:4Þ
Let there three tensors amn, bmn, and cmn be speciﬁed. We introduce
a quantity dabc as follows:
dabc ¼ det
a11 a12 a13
b21 b22 b23
c31 c32 c33
0
B@
1
CA: ð4:5Þ
For a deformed state, we obtain Amn ¼ R;mR;n and hence
V2 ¼ det kAmnkda21da22da23: ð4:6Þ
We write Amn as A

mn ¼ Amn þ 2Smn, where Smn ¼ 12 ðAmn  AmnÞ are the
covariant components of the Green strain tensor. Relation (4.6)
becomes
V2 ¼ ½dAAA þ 2ðdSAA þ dASA þ dAASÞ þ 4ðdSSA þ dSAS þ dASSÞ
þ 8dSSSda21da22da23: ð4:7Þ
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IS ¼ 1dAAA ðdSAA þ dASA þ dAASÞ; ISS ¼
1
dAAA
ðdSSA þ dSAS þ dASSÞ;
ISSS ¼ 1dAAA dSSS; dAAA ¼ det kAmnk: ð4:8Þ
The strain invariants can be determined in terms of covariant or
contravariant components of the tensor S (e.g., Lurie, 2005).
Expressions (4.8) are rather involved. In Appendix A, it is shown
that, for a triangular shell element, invariants of three-dimensional
tensors can be determined by much simpler relations based on the
invariants of two-dimensional tensors obtained below.
If am are Cartesian coordinates, expressions (4.8) become the
well-known expressions in the theory of elasticity (see, e.g., Timo-
shenko and Goodier, 1970):
IS ¼ S11 þ S22 þ S33;
ISS ¼ S11S22 þ S11S33 þ S22S33  S212  S223  S213;
ISSS ¼ S11S22S33 þ 2S12S13S23  S22S213  S11S223  S33S212: ð4:9Þ
Irrespective of the meaning of the coordinates am, expressions (4.8)
determine the same values which are objective characteristics of
the strain. For the Green tensor, all the invariants are dimensionless
quantities. Formulas (4.8) are valid for any symmetric tensor deter-
mined by its covariant components.
5. Invariants of two-dimensional tensors for triangular shell
element and strain energy
Further considerations deal with determination of the strain
invariants and strain energy for a triangular domain. Within the
framework of the classical ﬁnite-element method, the invariants of
two-dimensional tensors considered above can be determined by
introducing local coordinates, constructing shape functions for the
displacements ﬁelds, and differentiating the shape functions to ob-
tain the tensorial components. We show that once the strains have
been determined for three directions associated with the triangle
sides, the strain invariants and the strain energy can be calculated
immediately and the construction of local coordinates and two-
dimensional shape functions can be avoided. This is a considerable
advantage of using the phenomenological deﬁnition of invariants.
To determine invariants of two-dimensional tensors for a trian-
gular element of a shell, we use the phenomenological deﬁnition
given by (3.2) and (3.3). Formulas (3.2) and (3.3) determine two
objective quantities IE and IEE whose values are independent of
the choice of Em. The invariants of a tensor are scalar characteristics
of the tensor ﬁeld. In many cases, the algorithm for determining
strains and stresses of a shell can be formulated in terms of these
invariants. To determine the components Em appearing in (3.2)
and (3.3), we use solutions of some simple auxiliary problems.
Let us consider a triangular element of a surfacewith side lengths
lm and express the invariants of the strain tensor in terms of the
strains of the ﬁbers directed along the element sides under the
assumption of afﬁne strain. To this end, we write the squared areas
of the triangle for the initial and deformed states using Heron’s for-
mula in the following special form (summation overm = 1,2,3):
F2 ¼ 1
16
ðlmlmÞ2  2l2ml2m
h i
; F2 ¼ 1
16
lml

m
 2  2l2m l2mh i: ð5:1Þ
As Em, we take physical components of the Green strains of the ﬁ-
bers directed along the triangle sides:
Em ¼ 12
l2m
l2m
 1
 !
; l2m ¼ l2mð1þ 2EmÞ: ð5:2Þ
From Eqs. (3.2), (3.3) and (5.1), we obtain (summation over
m = 1,2,3):IE ¼ 2ðaamEm  2a2mEmÞ; IEE ¼ ðamEmÞ2  2a2mE2m;
am ¼ l
2
m
4F
; a ¼ lmlm
4F
; ð5:3Þ
where am are the metric coefﬁcients which are constant within the
element, whereas Em depend on the position of the point within
the element. Since the metric coefﬁcients am are constant at any
point of the triangle and independent of its dimensions, the compo-
nents Em can be variable, i.e., the assumption of afﬁne strain can be
ignored. Using (5.3), one can obtain invariants of any symmetric
two-dimensional tensor determined for a triangle by replacing the
physical components of the tensor E by physical components of
the tensor considered. In the approximate ﬁnite-element analysis,
formulas (5.3) give an effectivemethod for calculating the invariants
for three one-dimensional quantities Em since they are much easier
to approximate than two-dimensional quantities Emn which enter
(3.7). This is especially important for triangular domains where
two-dimensional approximation procedures may be very involved.
Similar to (3.9) and (3.10), one can determine the combined
invariant of two tensors E and H (summation over m,n = 1,2,3)
IEH ¼ 2½ðamEmÞðanHnÞ  2a2mðEHÞm: ð5:4Þ
Here (EH)m = EmHm, in which no summation is performed over m.
Formula (5.4) can be used as a template to obtain invariants of
the three-dimensional strain and stress tensors used in the stress
analysis (see Appendix A). We note that the quantities Em do not
form a tensor, but they are generalized components of a tensor as
shown in Section 2 and are related to the tensorial components
by linear relations in a certain coordinate system.
We consider the following three tensors referred to the shell
middle surface: tensor of membrane strains e(em), tensor of curva-
ture changes j(jm), and tensor of transverse shear strains C(Cm).
By the tensor of transverse shear strains we mean a tensor whose
normal physical components are equal to the squared transverse
shear strains cm constant over the shell thickness, i.e., Cm ¼ c2m.
In Cartesian coordinates, the covariant components of the tensor
C are given by Cij = ci3  cj3. This deﬁnition of the shear tensor
was ﬁrst given by Kuznetsov (1991b). The invariants of the strains
and curvature changes are determined using the template (5.3) by
replacing Em by the corresponding components em, jm, and Cm,
respectively:
Ie ¼ 2ðaamem  2a2memÞ; Iee ¼ ðamemÞ2  2a2me2m;
Ij ¼ 2ðaamjm  2a2mjmÞ; Ijj ¼ ðamjmÞ2  2a2mj2m;
IC ¼ 2ðaamCm  2a2mCmÞ: ð5:5Þ
Formulas (5.5) contain the one-dimensional quantities em, jm, and
Cm which have clear physical meaning (strain, curvature change,
and squared transverse shear strain, respectively, in the mth direc-
tion). Once these quantities have been approximated, one readily
obtains the strain invariants and, hence, the strain energy.
The strain energy of the curved triangular shell element is ex-
pressed in terms of the above invariants as
P ¼
Z
F
PFe þPFj þPFCð ÞdF; ð5:6Þ
where
PFe¼12 B1I
2
e 2B2Iee
 
; PFj¼12 D1I
2
j2D2Ijj
 
; PFC¼12CCIC;
B1 ¼
Z h
2
h2
E
1m2 dz; B2 ¼
Z h
2
h2
E
1þm dz;
D1 ¼
Z h
2
h2
Ez2
1m2 dz; D2 ¼
Z h
2
h2
Ez2
1þm dz; CC¼ k
Z h
2
h2
Gdz: ð5:7Þ
Fig. 1. Kinematic group of the shell and associated shell ﬁnite element.
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shear modulus, h is the shell thickness, and k is the stress correction
factor. For a transversely isotropic shell, the stress correction factor
is given by Argyris et al. (1997). For an isotropic material, the stress
correction factor is k = 5/6.
Relations (5.7) are obtained under the assumption that mechan-
ical properties of the material are symmetric about the middle sur-
face of the shell. It should be noted that if the material properties
are nonsymmetrical about the shell middle surface, the strain en-
ergy can still be written in the invariant form using the combina-
tion invariant Iej determined by the template (5.4).
Integration in (5.6) is performed over the area of curved surface
of the element. It is assumed that the area of the curved triangular
element is isometric to the area of a plane triangle whose side
lengths are equal to li, lj, and lk. Hence, the area of the curved trian-
gular element F is determined by formula (5.1).
Three-dimensional stress tensor, stress-resultant tensors, and
their invariants and principal values are determined for a triangu-
lar element in Appendices A and B. The expression for the trans-
verse shear strain energy in terms of the shear strains referred to
the sides of the triangular element is discussed in Appendix C.
In the case of a composite shell where physical properties of the
material are inhomogeneous over the volume occupied by the shell,
the strain energy cannot be expressed in terms of the classical fun-
damental invariants of the elasticity theory. Therefore, the energy
is conventionally written using the strain-tensor components and
elastic characteristics are referred to a certain coordinate system,
usually Cartesian coordinate system. If the shell follows the kine-
matic hypotheses of the Reissner–Mindlin theory, two-dimensional
strain tensors Emn can be determined and, according to Section 2, re-
lateduniquely toEi (i = 1,2,3) usingCartesianor other coordinates. In
Section 7, it is shown that, for a triangular element, the components
Ei are more easily determined and approximated than the compo-
nents Emn. The formulas for calculating the components ei, ji, and
Ci and their variations given below for transversely isotropic case
apply to a composite shell, the difference being in the 9  9 symmet-
ricmatrixKwhich depends on the elastic properties of thematerial.
If one ignores the formulas for the invariants determined above for a
triangular element and uses Cartesian coordinates referred, for
example, to one side of the triangle, the computationwork required
to calculate the matrix K for the composite shell is approximately
the same as for the transversely isotropic shell. But with the intro-
duction of the invariants in the transversely isotropic case, the com-
putation work is reduced substantially.
6. Kinematics of the shell ﬁnite element
We consider a triangular ﬁnite element cut by three planes nor-
mal to the middle surface of a shell and denote the position vectors
of its vertices (nodes) of the resulting triangle by ri (i = 1,2,3). At
each vertex, we determine a unit vector ni normal to the shell mid-
dle surface (Fig. 1). Below, it is assumed that the indices i, j, and k
take the values 1, 2, and 3 and obey the rule of cyclic permutation.
A set of three normal vectors ni and three vectors of the form
(rk  rj) referred to as the metric vectors constitutes a geometrical
object which we call the kinematic group (KG) (Kuznetsov and
Levyakov, 1994; Kuznetsov, 1998). The KG plays the role of a
framework or ‘‘skeleton” of the ﬁnite element proposed and deter-
mines its kinematics, i.e., describes the rigid-body motion and pure
deformations of the ﬁnite element.
The initial, undeformed state of the KG is characterized by the
following nine parameters called the components of the general-
ized metric tensor:
ei ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rk  rj
 2q
; w1j ¼ nj rk  rj
 
; w2k ¼ nk rk  rj
 
: ð6:1ÞIt is worth noting that the quantities (6.1) are discrete analogs of the
coefﬁcients of the ﬁrst and second fundamental forms of a surface.
Let the KG occupy a new position determined by
ei ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rk  rj
 2r
; w1j ¼ nj rk  rj
 
; w2k ¼ nk rk  rj
 
: ð6:2Þ
The differences between the corresponding quantities (6.1) and
(6.2) determine the strains of the KG. Note that no restrictions are
imposed on the metric vectors of the group. It follows that geomet-
ric nonlinearity is accounted for by the dot products in (6.1) and
(6.2) which determine relative positions of the nodes and cosines
of angles between the metric vectors.
In general, geometrically nonlinear relations between strains
and nodal unknowns are very complex and difﬁcult to deal with
when implementing ﬁnite element models. The introduction of
the concept of kinematic group allows one to describe the nonlin-
earity by establishing relatively simple relations between the
strains and curvature changes within the ﬁnite element and the
strains of the group. A ﬁnite element is called associated with the
kinematic group if its strains are related to the strains of the group.
The KG possesses the important property of strain-free arbi-
trarily large displacements and rotations. Let all the metric vectors
of the group denoted for brevity by am rotate about an axis deter-
mined by a unit vector c through an arbitrary angle x. Under this
transformation, the metric vectors occupy new positions deter-
mined by the formula (Kuznetsov and Levyakov, 1994)
am ¼ am þ sinx  c  am þ ð1 cosxÞ  c  ðc  amÞ: ð6:3Þ
Using (6.3) and calculating the dot products in (6.2), one ﬁnds that
ei ¼ ei, w1j ¼ w1j, and w2k ¼ w2k, i.e., the components (6.1) remain
unchanged and, hence, the strains of the KG vanish.
To associate a ﬁnite element to the kinematic group, it is neces-
sary to relate the nodal unknowns of the element to the strains of
the group, i.e., changes in the parameters (6.1). Associating the ele-
ment to the KG guarantees satisfaction of the convergence criterion
that the strains of the element should vanish for rigid-body trans-
lations and rotations and allows one to focus on the approximation
of the strains within the element determined by the nodal param-
eters. We are now in a position to relate the strains em, jm, and Cm
to the strains of the kinematic group.
7. Strain relations of the shell ﬁnite element
We assume that the strains em and Cm are small compared to
unity, whereas no restriction is imposed on the magnitude of the
curvature change jm, which implies that large local displacements
are allowed within the ﬁnite element. Derivation of the expres-
sions for em, jm, and Cm is a key point for the development of ade-
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large displacements and rotations. For the nonlinear shell model,
explicit relations between em, jm, and Cm and the nodal displace-
ments and rotations, if obtained, are formidable from the imple-
mentation point of view. However, these relations are very much
simpliﬁed if we assume that each side of the initial and deformed
triangles is a nearly circular planar arc of arbitrary radius and use
the KG metric tensors (6.1) and (6.2). This assumption enhances
nonlinear capabilities of the ﬁnite element and leads, in particular,
to an increase in the mesh convergence rate. The Kirchhoff–Love
shell ﬁnite elements based on this assumption provide highly accu-
rate solutions of the nonlinear bending problems of beams under-
going large displacements for only two or four elements along the
beam (see Kuznetsov and Levyakov, 2007, 2008).
We consider the side opposite to the node i of the triangular ele-
ment (see Fig. 2). The relations given below for the ith side apply to
the other sides by cyclic permutation of indices i, j, and k. Using the
assumption of planar nearly circular curve (Kuznetsov and Levya-
kov, 2008), we obtain
ei ¼ e

i
li
 sin
1ðDvi Þ
Dvi
 1; ð7:1Þ
where
Dvi ¼
v2k  v1j
2
; v2k ¼
w2k
ei
; v1j ¼
w1j
ei
; li ¼ ei sin
1ðDviÞ
Dvi
:
ð7:2Þ
It should be noted that the strains ei along the triangle sides are con-
stant, which implies that the components of the membrane strain
tensor are constant within the ﬁnite element.
We now consider the question of approximating the curvature
changes ji and transverse shear strains ci. Following the approach
given in Kuznetsov and Levyakov (2008), we approximate the cur-
vature changes directly instead of differentiating shape functions
for the displacements ﬁelds. To this end, we use the solutions for
the beam bending equations. We consider the element side as
the Timoshenko beam of length li and uniform cross section sub-
jected to end rotations #1j and #2k determined by the formulas
#mn ¼ hmn  hmn; hmn ¼ sin1ðvmnÞ; hmn ¼ sin1ðvmnÞ; ð7:3Þ
where (p/2  hmn) is the angle between the normal vector in the
normal plane relative to the secant that passes through the nodes
(Fig. 2). Bending of the beam is described by the equations
D1
d2#i
ds2
 CC #i þ dwids
 
¼ 0; d
ds
#i þ dwids
 
¼ 0 ð7:4ÞFig. 2. Side of the shell elemsubject to the boundary conditions
#i ¼ #1j; wi ¼ 0 for s ¼ 0; ð7:5Þ
#i ¼ #2k; wi ¼ 0 for s ¼ li;
where s is the arc length reckoned from node i. We note that the last
equation in (7.4) implies that the transverse shear strain
ci = #i + dwi/ds is constant along the side. The arc length s can be ex-
pressed in terms of the area coordinates Lj and Lk (e.g., Zienkiewicz,
1977) as
s ¼ 1
2
lið1þ Lk  LjÞ: ð7:6Þ
With allowance for (7.6), the solution of the boundary-value prob-
lem (7.4) and (7.5) is written as
ji ¼ d#ids ¼
1
li
ð#2k  #1jÞ þ gi1li ð#2k þ #1jÞðLk  LjÞ; ð7:7Þ
ci ¼ gi2ð#2k þ #1jÞ; Ci ¼ c2i ; ð7:8Þ
where
gi1 ¼
3
1þ gi3
; gi2 ¼
1
6
gi1gi3; gi3 ¼
12D1
CCl
2
i
: ð7:9Þ
Relations (7.7) and (7.8) are used as an approximation for the cur-
vature change and transverse shear strains of the ﬁnite element in
the ith direction. It should be noted that gi1? 3 and (7.7) becomes
the Euler–Bernoulli beam equation as CC?1. Hence, the conver-
gence to the Kirchhoff–Love shell solutions is achieved and shear
locking is avoided naturally.
In the case where the end rotations are equal but opposite in
direction, the second term in (7.7) vanishes and the resulting linear
solution for the curvature ji is presented by the ﬁrst term in (7.7)
which describes pure bending of the Timoshenko beam. It should
be noted that this linear solution is identical to the exact geomet-
rically nonlinear solution governing bending of the beam into a cir-
cular arc of arbitrary radius. In this case, the solution given by the
ﬁrst term in (7.7) is valid for ﬁnite pure bending, but the end rota-
tions should be calculated by either exact geometrically nonlinear
formulas or formulas (7.3) which become exact if the normal vec-
tors lie in the same plane. The second term in (7.7) describes, by
the assumption, small perturbation introduced into pure bending
due to unbalanced end rotations, which implies the occurrence of
transverse shear forces and strains.
Thus, a deformed state of the ﬁnite element is determined by
the parameters ei and #mn (a total of nine parameters), which are
related to the components of the metric tensor of the KG by Eqs.
(7.1)–(7.3). The next step is to evaluate variations of the strain en-
ergy of the shell ﬁnite element.ent as a planar curve.
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To obtain the equations of equilibrium and formulate an itera-
tive algorithm of solution, it is necessary to calculate the ﬁrst
and second variations of the strain energy. Following Kuznetsov
and Levyakov (2008), we introduce three ‘‘variation levels” of
parameters represented by the following vectors (the subscript in
parentheses enumerates the variation level):
uð1Þ ¼ je1; e2; e3; #23; #12; #21; #13; #22; #11jT ; ð8:1Þ
uð2Þ ¼ je1; e2; e3;w23;w12;w21;w13;w22;w11jT ; ð8:2Þ
uð3Þ ¼ q ¼ jqT1;qT2;qT3jT ; qTm ¼ jx1m; x2m; x3m;x1m;x2mj
ðm ¼ 1;2;3Þ: ð8:3Þ
Here xmn are the components of the position vector r

n and xmn are
the components of the rotation vector of nn.
Substituting (7.1), (7.7) and (7.8) into (5.6), we obtain
P ¼ 1
2
uTð1ÞKuð1Þ; ð8:4Þ
where K is a 9  9 symmetric matrix calculated by the formulas
K ¼ Ke 0
0 Kj þ KC
 
; Ke ¼ F B1ssT  2B2ðllT  qÞ
	 

; ð8:5Þ
sT ¼ 2jaa1  2a21; aa2  2a22; aa3  2a23j; lT ¼ ja1; a2; a3j; ð8:6Þ
Kj ¼
Z
F
CTACdF;KC ¼WTMW ;A ¼ D1ssT  2D2ðllT  qÞ: ð8:7Þ
Here M is a 3  3 diagonal matrix with the components
Mmm = CCFsm, q is a 3  3 diagonal matrix with the components
qmm ¼ 2a2m, andW and C are 3  6 matrices whose nonzero compo-
nents are given by
W11 ¼ W12 ¼ g12; W23 ¼ W24 ¼ g22; W35 ¼ W36 ¼ g32;
C11 ¼ 1l1 1þ g11ðL3  L2Þ½ ; C12 ¼ 
1
l1
1þ g11ðL2  L3Þ½ ;
C23 ¼ 1l2 1þ g21ðL1  L3Þ½ ; C24 ¼ 
1
l2
1þ g21ðL3  L1Þ½ ;
C35 ¼ 1l3 ½1þ g31ðL2  L1Þ; C36 ¼ 
1
l3
½1þ g31ðL1  L2Þ: ð8:8Þ
It follows from(8.7) and (8.8) that the components of the6  6matrix
Kj are quadratic functions of the area coordinates and, hence, the
integral over the triangle area in (8.7) can be evaluated exactly by
using only three Gauss integration points (e.g., Zienkiewicz, 1977).
The ﬁrst and second variations of the strain energy of the shell
ﬁnite element can be written in terms of variations of the compo-
nents of vectors (8.1)–(8.3):
dP ¼ duTðmÞgðmÞ; d2P ¼ duTðmÞHðmÞduðmÞ; ð8:9Þ
where g(m) and H(m) are the gradient and the Hessian matrix corre-
sponding to the mth variation level, respectively. The values ofFig. 3. Mesh types: (a) biased meg = g(3) and H = H(3) required for formulating the equations of equi-
librium are computed by the recursive formulas (summation over
s):
gðmþ1Þ ¼ u0ðmÞgðmÞ;Hðmþ1Þ ¼ u0ðmÞHðmÞu0
T
ðmÞ þ gðmÞsu00ðmÞs
ðm ¼ 1;2; s ¼ 1; . . . ;9Þ: ð8:10Þ
Here g(m)s are the components of the vector g(m) and u0ðmÞ and u
00
ðmÞs
are the matrices composed of the ﬁrst and second partial deriva-
tives of the components of themth level with respect to the compo-
nents of the (m + 1)th variation level, respectively. Formulas for
calculating the matrices u0ðmÞ and u
00
ðmÞs are given in Kuznetsov and
Levyakov (2008).The computation process Eq. (8.10) begins for
the initial values
gð1Þ ¼ Kuð1Þ; Hð1Þ ¼ K: ð8:11Þ
Once the gradient g = g(3) and Hessian matrix H = H(3) have been cal-
culated for individual elements, they are assembled into global vec-
tors and matrices of the ﬁnite-element assemblage using a standard
technique (e.g., Bathe, 1996).
Equilibrium conﬁgurations of the ﬁnite-element assemblage are
determined by solving iteratively the following system of equa-
tions for the variations of the generalized coordinates dq
Hp1dqp þ gp1 ¼ 0; ð8:16Þ
where the superscript denotes the iteration number. The formulas
for updating values of the nodal coordinates and direction cosines
of the normal vectors can be found in Kuznetsov and Levyakov
(2007, 2008). The linear solution is obtained after the ﬁrst iteration.
9. Numerical testing
Below, we give results of numerical testing of the proposed ﬁ-
nite element. The veriﬁcation problems are chosen to test the capa-
bility of the ﬁnite element to adequately describe the transverse
shear effects in the cases of small and large displacements and
rotations. Special attention is given to very thin plates and shells
to verify whether the ﬁnite-element solution converges to the
solutions based on the Kirchhoff–Love assumptions. In all the cases
considered, the stress correction factor is taken to be k = 5/6.
9.1. Bending of plates
We study deﬂections of a square plate with side L and thickness
h loaded by normal uniform pressure q = 1. Young’s modulus and
Poisson’s ratio are E = 10.92 and m = 0.3, respectively. Owing to
symmetry of the problem, we consider a quarter of the plate and
use the biased ﬁnite-element mesh (Fig. 3a). In the analysis, we
consider hard and soft support conditions. In the hard support,
the rotation along the supported edge is assumed to be zero as in
the classical plate theory (CPT). In the soft support, the rotationsh and (b) union jack mesh.
Fig. 4. Load versus central deﬂection for clamped thick square plate under normal
pressure.
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twisting moment vanishes.
9.1.1. Small deﬂections
Tables 1 and 2 compare the central deﬂections w of the simply
supported and clamped plates, respectively, with the solutions gi-
ven by Zienkiewicz (1977) for various span-to-thickness ratios L/h.
For all the cases considered, the data are in excellent agreement
with the ﬁnite-element solutions of Zienkiewicz (1977) and CPT
solutions for thin plates. Rapid mesh convergence of the present
solutions is observed.
9.1.2. Large deﬂections
We consider nonlinear deformation of a square clamped plate
whose edges are restrained against all displacements and rota-
tions. Fig. 4 shows load-central deﬂection curves for h = 0.1L. The
results were obtained for a quarter of the plate using 16  16
biased mesh. The present solution is compared with the ﬁnite-ele-
ment results of Attar (2008) obtained by the model GL3 (Green–La-
grange strain tensor and a three-term rotation tensor
approximation). The present solution is softer than the solution
of Attar (2008) but stiffer than that obtained by SHELL43 included
in the ﬁnite-element package ANSYS. The difference is pronounced
only for high loads.
9.1.3. Pure bending
To estimate the range of applicability of the assumptions of pla-
nar arcs, we consider the classical problem of pure bending of a
square plate. One edge of the plate is clamped and the opposite
edge is loaded by a bending moment M. According to the exact
solution, the plate under these loading conditions is rolled into a
perfect circular cylindrical surface provided Poisson’s ratio is equalTable 1
Central deﬂections of a simply supported square plate under uniform pressure.
Mesh L/h = 10, w  101 L/h = 1000, w  107
Hard support Soft support Hard support Soft support
2 a 4.1610 4.2731 3.9386 4.0514
b 4.2626 4.6085 4.0389 4.2397
4 a 4.2580 4.4037 4.0342 4.1220
b 4.2720 4.5629 4.0607 4.1297
8 a 4.2715 4.4757 4.0555 4.1067
b 4.2727 4.5883 4.0637 4.0928
16 a 4.2727 4.5397 4.0607 4.0878
b 4.2728 4.6077 4.0643 4.0773
32 a 4.2728 4.5751 4.0619 4.0759
b 4.2728 4.6144 4.0644 4.0700
Series 4.2728 4.0624
a, Computed by the present model and b, computed by the model of Zienkiewicz
(1977).
Table 2
Central deﬂections of a clamped square plate under uniform pressure.
Mesh L/h = 10, w  101 L/h = 1000, w  107
2 a 1.6128 1.4042
b 1.4211 1.1469
4 a 1.5412 1.3153
b 1.4858 1.2362
8 a 1.5142 1.2795
b 1.4997 1.2583
16 a 1.5069 1.2691
b 1.5034 1.2637
32 a 1.5052 1.2663
b 1.5043 1.2646
Series 1.499 1.2653
a, Computed by the present model and b, computed by the model of Zienkiewicz
(1977).to zero. The plate parameters are the same as in the sample prob-
lems considered above except for the thickness-to-span ratio and
Poisson’s ratio: h/L = 0.01 and m = 0. The plate model consisting of
four isosceles right triangular elements is shown in Fig. 5. Fig. 6
shows the load versus displacements, where Mmax is chosen
such that the deformed plate is a closed cylindrical surface:
Mmax ¼ pEbh3=ð6LÞ. The ﬁnite-element results are very close to
the exact solution for up to M = 0.67Mmax. For this value of M, a
central angle of the bent plate is as large as 241. For higher loads,
divergence of the numerical solutions occurs. Obviously, for this
severe bending, the normal vectors that refer to hypotenuses of
the triangles deviate considerably from the plane. The above result
provides an estimate for predictive capabilities of the ﬁnite ele-
ment proposed. Since the span is divided into two elements, each
element can be bent adequately to make a central angle of approx-
imately 120.
9.2. Buckling of plates
The classical buckling problems of plates are chosen to verify
the effect of membrane-bending coupling of the presented ﬁnite
element. The problems were solved in fully geometrically nonlin-
ear formulation. The critical loads were determined using the con-
dition that the determinant of the Hessian matrix in Eq. (8.16)
vanishes.
9.2.1. Buckling of circular plates
A circular Reissner–Mindlin plate of radius R is compressed by
uniform radial load q. Hong et al. (1993) treated the buckling prob-
lem of the plate in the axisymmetric formulation and obtained ex-
act analytical solutions for the critical load qcr = kD/R2 with
allowance for prebuckling deformation and second-order terms
in the expressions for the Green–Lagrange strains which are com-
monly ignored in the classical buckling analysis of plates and
shells. We conﬁne our attention to clamped boundary conditions
since in this case the shear deformation effects are more pro-
nounced compared to the simply supported boundary conditions.
The ﬁnite-element solution was obtained for a quarter of the plate
using the mesh pattern shown in Fig. 7 (each side of the quarter is
Fig. 5. Square plate under pure bending and 1  2 mesh.
Fig. 6. Load versus tip displacements of a square plate in pure bending.
Fig. 7. Circular plate under uniform compression and mesh pattern.
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buckling loads k for various thickness-to-radius ratios and m = 0.3.
The numerical solution agrees well with the exact analytical solu-
tions; the maximum relative error is about 1%. For very thin plate
(h/R = 0.001), the numerical solution is also in agreement with the
classical solution k0 = 14.6820.
9.2.2. Buckling of square plates
A simply supported square plate with side length L and thick-
ness h is compressed by uniform pressure p in the x2-direction.
Young’s modulus and Poisson’s ratio are E = 10.92 and m = 0.3.
Assuming that the buckling mode is doubly symmetric, we con-
sider a quarter of the plate and use a 16  16 union jack mesh
(Fig. 3b). The in-plane displacements of the supported edges are al-
lowed and rotation along the edges are set equal to zero, i.e., the
hard support conditions are imposed. The plate is made of trans-
versely isotropic material in such a manner that the isotropy
planes at each point are parallel to the plate middle surface. Table
4 lists the buckling loads for various values of the thickness-to-
span ratio and dimensionless parameter
h ¼ p
2h2
10L2
 Eð1 m2ÞG : ð9:1Þ
We note that the limit h*? 0 corresponds to the Kirchhoff–Love
plate. For very thin plates, the results are in excellent agreement
with the analytical solution obtained by Ambartsumyan (1969).
With an increase in the thickness-to-span ratio, the buckling loads
predicted by the ﬁnite-element model proposed decrease and differ
from the analytical solution owing to pronounced prebuckling
deformation ignored in the analytical solution.
9.3. Bending of a pretwisted beam
A clamped beam naturally twisted by 90 is loaded by tip forces
(Fig. 8). The beam parameters are as follows (e.g., Cardoso et al.,
2006): L = 12, b = 1.1, E = 29  106, and m = 0.22. Two loading cases
are considered: (a) unit tip load P applied in the thickness direction
and (b) unit tip load Q applied in the width direction. This problem
was chosen to test the effect of warping on shell element behavior.
Tip deﬂections u and v which refer to the P and Q directions,
respectively, are calculated in a geometrically linear approxima-
tion. The data on mesh convergence are listed in Table 5 for thick
Table 3
Buckling loads of a clamped circular plate under radial compression.
Mesh h/R
0.001 0.1 0.15 0.2
pR2/D
4 13.223 12.928 12.532 11.999
8 14.285 13.889 13.392 12.751
16 14.580 14.138 13.612 12.943
32 14.657 14.200 13.668 12.990
Hong et al. (1993) 14.682 14.177 13.586 12.824
Table 4
Buckling loads of a simply supported square transversely isotropic plate under
uniaxial compression.
h/L h*
0.000 0.0526 0.1053 0.2106
pL2/(p2D)
0.2 3.161 3.493 3.198 2.737
0.1 3.743 3.579 3.271 2.791
0.001 3.995 3.614 3.300 2.811
Ambartsumyan (1969) 4.000 3.619 3.304 2.815
Table 5
Normalized mid-node tip deﬂections of the pretwisted beam.
Mesh h = 0.32 h = 0.05
uP/uref vP/vref uP/uref vP/vref
2  12 0.856 0.985 0.997 0.998
4  24 0.937 0.992 0.998 0.998
8  48 0.981 0.997 0.999 0.998
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uref = 0.001754 and vref = 0.005424 for thick beam (Cho and Roh,
2003) and uref = 0.3431 and vref = 1.390 for thin beam (e.g., Cardoso
et al., 2006).
9.4. The Raasch problem
A curved strip is rigidly clamped at one end and loaded by shear
load P at the other end (Fig. 9). The strip parameters are as follows
(e.g., Eriksson and Pacoste, 2002): R1 = 46, R2 = 14, h = 2, b = 20,
E = 3300, m = 0.35, and P = 1. This problem is considered to be a
challenge for shell ﬁnite elements because of inherent coupling be-
tween three deformation patterns, i.e., extension, bending, and
twisting. Table 6 lists the normalized mid-node tip deﬂection in
the loading direction. The data shows that the element stands
the test well.
9.5. Bending of hemispherical shells
A free hemispherical shell of radius R is subjected to two inward
and two outward radial forces P. The data are as follows (CardosoFig. 8. Pretwisted beamet al., 2006; Dung and Wells, 2008): E = 6.825  107 N/m2, m = 0.3,
R = 10 m, h = 0.04 m, and P = 2 N. The reference linear solution for
the deﬂection at the loading points is wref = 0.0924 m. This problem
is a challenging test of element’s ability to represent inextensional
modes. Moreover, this problem is a good test for warping behavior
of shell elements. Owing to symmetry, a quarter of the shell was
modeled using meshes of the type shown in Fig. 10. A convergence
study for successively reﬁned meshes is represented in Table 7. The
error in determining the deﬂection rapidly decreases with mesh
density and falls below 4% for 64 elements. The convergence rate
is comparable with those of triangular TRIC elements of Argyris
et al. (2000) and quadrilateral shell elements of Cardoso et al.
(2006).
We now consider nonlinear deformation of the shell under the
same loading conditions for E = 104 N/m2, m = 0.2, R = 10 m,
h = 0.5 m (Battini, 2007). Fig. 11 shows the load versus radial
deﬂections. The computed data obtained for a mesh with 12 ele-
ments per side of the quarter of the shell are in agreement with
the reference solution, but for the inward deﬂection wA, the curve
predicted by the present ﬁnite element is slightly stiffer. The data
were obtained in 20 loading increments with a total of 101 itera-
tions. The total CPU time required for the solution is 6 s for Pen-
tium IV/1.80 GHz.
9.6. Pinched cylindrical shell mounted on rigid end diaphragms
A cylindrical shell of radius R and length L is pinched by two
point forces P (Fig. 12). The end cross sections of the shell are sup-
ported by diaphragms which totally restrain in-plane displace-
ments but can warp. The data are as follows (Sze et al., 2004):
R = 100, L = 200, h = 1, Pmax = 12,000, E = 30,000, and m = 0.3. Owing
to symmetry, one-eighth of the shell is modeled using a regular un-
ion jack mesh. As calculations show, the middle cross section of the
shell assumes nearly rectangular shape with rounded corners at
high loads. Therefore, ﬁne meshes are required to describe abruptand mesh pattern.
Fig. 9. The Raasch problem: (a) geometry and (b) mesh pattern.
Table 6
Normalized mid-node tip deﬂections of the Raasch hook (reference solution
wref = 4.932).
Element Mesh
2  14 4  28 8  56 16  112
Eriksson and Pacoste (2002) 0.996 0.995 0.998 1.008
Rebel (1998) 0.9733 0.9887 1.0049 1.0169
Present 1.025 1.001 0.996 1.005
Fig. 10. Hemispherical shell subjected to four radial forces and mesh pattern.
Table 7
Convergence study for hemispherical thin shell under four alternate radial loads
(reference solution wref = 0.0924).
Mesh Number of elements Number of nodes w/wref
4 15 16 1.092
8 45 64 1.036
16 153 256 1.008
32 561 1024 1.001
Fig. 11. Load versus deﬂection for the hemispherical shell under four radial loads.
Fig. 12. Pinched cylindrical shell mounted on rigid end diaphragms and mesh
pattern.
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was used for the loading range considered. Fig. 13 shows the load
versus deﬂections at points A and B. Solid curves refer to the solu-
tion obtained in Sze et al. (2004) using a 48  48 mesh of quadri-
lateral elements and dashed curves to the solution obtained by
the Kirchhoff–Love shell ﬁnite element (Kuznetsov and Levyakov,
2008). The solutions compared are in excellent agreement. The re-
sults presented in Fig. 13 were obtained for 55 load increments
with a total of 331 iterations. The CPU time required is approxi-
mately 7000 s for Pentium IV/1.80 GHz.
The predicted shape of the shell is shown in Fig. 14 for the max-
imum load Pmax.10. Concluding remarks
An engineering approach based on the invariants of the strain
and stress tensors has been proposed to develop a geometrically-
nonlinear triangular shell ﬁnite element. Phenomenological deﬁni-
tion of invariants of two- and three-dimensional tensors has been
formulated for an elastic transversely isotropic shell subject to the
assumptions of the Reissner–Mindlin plate theory. To apply the
Fig. 13. Load versus deﬂection for a cylindrical shell mounted on rigid end
diaphragms.
Fig. 14. Deformed cylindrical shell supported by rigid end diaphragms.
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element, special relations were obtained to calculate the invariants
of the strain and stress tensors using only three normal compo-
nents determined for three independent directions naturally asso-
ciated with the triangle sides. These relations were used to
determine the strain energy of the element in terms of the strain
invariants. A considerable advantage of using these relations is that
it sufﬁces to approximate one-dimensional functions of strains and
curvature changes along the element sides using the solutions of
simple auxiliary problems rather than two-dimensional displace-
ment functions as usually done in formulating plate and shell ﬁnite
elements. Approximation of one-dimensional functions is much
easier and allows one to construct more accurate representations
of unknown functions.
To enhance geometrically nonlinear capabilities of the element
without increasing the number of degrees of freedom, the strains
and curvature changes have been approximated using the assump-
tion that the element sides are nearly circular arcs of arbitrary ra-
dius. In the process, the solutions of the geometrical differential
equations of a planar nearly circular curve was employed to deter-
mine the membrane strains and the solution of the Timoshenko
beam equations to express the curvature change and transverse
shear strain for each side of the triangular element. The shear lock-
ing is avoided naturally since the use of the approximations based
on the Timoshenko beam solutions provides convergence ofnumerical solution in the case where thickness of the shell tends
to zero.
The convergence criterion of representing rigid body displace-
ments is satisﬁed by associating the ﬁnite element with the shell
kinematic group, a geometrical object comprising nodal radius vec-
tors and unit vectors normal to the shell middle surface.
A curved triangular ﬁnite element with 15 degrees of freedom
has been developed for geometrically nonlinear analysis of shear
deformable shells. The validity of underlying assumptions has been
veriﬁed by solving popular benchmark problems of plates and
shells. The numerical solutions obtained are in agreement with ref-
erence solutions for both thick and very thin plates and shells. An
estimate of deformation capabilities of the ﬁnite element has been
obtained using the pure bending test: the element can be bent to
form a circular cylindrical surface such that the mutual rotations
of the normal vectors are as large as 120.
The paper is focused on the isotropic and transversely isotropic
materials where the invariant relations provide compact formula-
tion and reduce computational work since there is no need to con-
struct local coordinates of individual elements and perform
lengthy coordinate transformation during assembling the
elements.
Important applications of shell ﬁnite elements are sheet metal
problems. To take into account plastic strains using the ﬁnite-ele-
ment model proposed, one should reject invariant representations
and introduce local coordinates associated with elements to deter-
mine the strain energy in terms of the strain tensor components. In
this case, the components of the 9  9 matrix K become functions
of the strains. To evaluate this matrix, one should employ numer-
ical integration across the shell thickness owing to nonlinear stress
distribution in the transverse direction. The basic assumptions,
approximation relations for strains and curvature changes, and for-
mulas for calculating variations of the strain energy remain appli-
cable in the elastic-plastic case.
Appendix A. Stress invariants and principal stresses in a shell
We consider a shell from transversely isotropic materials whose
properties are symmetric about the shell middle surface. According
to the assumptions of the Reissner–Mindlin plate theory, we have
Emn = emn + zjmn (m, n = 1, 2). We denote three-dimensional strain
and stress tensors by S and r, respectively. For these tensors, we
determine invariants IS, ISS, and ISSS and Ir, Irr, and Irrr. For each
point of the three-dimensional body, we obtain the strains and
stresses in physical Cartesian coordinates :
S11 ¼ E11; S22 ¼ E22; S12 ¼ E12; wij ¼ 4Si3Sj3; S33 ¼ 0;
r11 ¼ E1 m2 ðS11 þ mS22Þ; r22 ¼
E
1 m2 ðS22 þ mS11Þ;
r12 ¼ E1þ m S12; sij ¼ ri3rj3; r33 ¼ 0; ðA:1Þ
where wij is the two-dimensional tensor of transverse shear strains
whose normal components are equal to squared transverse shear
strains, sij is the two-dimensional tensor of transverse shear stres-
ses whose normal components are equal to squared transverse
shear stresses, and i, j = 1,2. The stresses ri3 and strains Si3 appear-
ing in (A.1) are determined as (Argyris et al., 1997)
ri3 ¼ CCD1
Z z
h=2
Ezdz
 !
 ci3; Si3 ¼
ri3
2G
: ðA:2Þ
According to (A.2), ri3 and Si3 are functions of z, which is a correc-
tion of the assumption of constant transverse shear strain. Using
the deﬁnition of the invariants of three-dimensional tensors in
Cartesian coordinates [see relations (4.9)], we obtain
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1
4
IEw;
Ir ¼ E1 m IE; Irr ¼
E2
ð1þ mÞ2
IEE þ mð1 mÞ2
I2E
" #
 Is;
Irrr ¼  E1þ m IEs þ
m
1 m IEIs
 
: ðA:3Þ
We note that all invariants on the right sides of Eq. (A.3) refer to
two-dimensional tensors. For a triangular shell element, the invari-
ants of two-dimensional tensors are determined by Eqs. (5.3) and
(5.4).
Given the invariants Ir, Irr, and Irrr and IS, ISS, and ISSS, one can
determine the principal stresses r1, r2, and r3 and the principal
strains S1, S2, and S3 at any point of the shell as roots of the cubic
equations
r3  Irr2 þ Irrr Irrr ¼ 0; S3  ISS2 þ ISSS ISSS ¼ 0; ðA:4Þ
in which
Ir ¼ r1 þ r2 þ r3; Irr ¼ r1r2 þ r2r3 þ r3r1; Irrr ¼ r1r2r3;
IS ¼ S1 þ S2 þ S3; ISS ¼ S1S2 þ S2S3 þ S3S1; ISSS ¼ S1S2S3: ðA:5Þ
It should be noted that despite the fact that r33 = 0 (see (A.1)), the
stress state is three-dimensional, i.e., all three principal stresses
are nonzero in the general case. The reason is that the transverse
shear strains occur. Setting ci3 = 0 (C = 0), we obtain Irrr = 0. In this
case, the ﬁrst equation in (A.4) becomes
rðr2  Irrþ IrrÞ ¼ 0; ðA:6Þ
which implies that one principal stress vanishes and the other two
principal stresses are determined as roots of the quadratic equation
r2  Irrþ Irr ¼ 0: ðA:7Þ
This is the case of the Kirchhoff–Love shells: plane stresses occur at
any point of the shell considered as a three-dimensional body.
Using the stress invariants or the principal stresses, one can
determine, for example, von Mises or equivalent stress commonly
used in the stress analysis:
rvM ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I2r  3Irr
q
: ðA:8ÞAppendix B. Invariants of stress-resultant tensors
In the Reissner–Mindlin theory of laminated shells, the tensors
of the membrane forces Tmn, moments Mmn, and transverse shear
forces Qm are written in physical Cartesian coordinates as
T11 ¼ B1ðe11 þ e22Þ  B2e22; T22 ¼ B1ðe11 þ e22Þ  B2e11;
T12 ¼ B2e12; M11 ¼ D1ðj11 þ j22Þ  D2j22;
M22 ¼ D1ðj11 þ j22Þ  D2j11; M12 ¼ D2j12;
Q1 ¼ CCc13; Q2 ¼ CCc23: ðB:1Þ
Since the transverse shear forces Q1 and Q2 do not form a tensor of
second rank, we introduce the transverse shear force tensor Pmn as
Pmn = QmQn similarly to the transverse shear strain tensor
Cmn = cm3cn3. For a triangular shell element, relations (B.1) are
inconvenient to use since Cartesian coordinates should be
introduced.
Using the deﬁnition of invariants of any two-dimensional ten-
sor in Cartesian coordinates
IE ¼ E11 þ E22; IEE ¼ E11E22  E212; ðB:2Þ
from (B.1) one obtains the relations between the invariants of the
strains and stress resultants in a Reissner–Mindlin shellIT ¼ ð2B1  B2ÞIe; ITT ¼ B1ðB1  B2ÞI2e þ B22Iee;
IM ¼ ð2D1  D2ÞIj; IMM ¼ D1ðD1  D2ÞI2j þ D22Ijj;
IP ¼ C2CIC; IPP ¼ 0: ðB:3Þ
It is interesting to note that although relations (B.3) have been ob-
tained using Cartesian coordinates, they remain valid for any coor-
dinate system. In particular, the invariants of the strain and stress-
resultants determined by the method outlined in Section 5 via nat-
ural coordinates of a triangle satisfy relations (B.3).
Given the invariants (B.3), one can determine the principal val-
ues of the tensors of the membrane forces, moments, and trans-
verse shear forces as roots of the quadratic equations
T2  ITT þ ITT ¼ 0; M2  IMM þ IMM ¼ 0; ðB:4Þ
P2  IPP þ IPP ¼ 0: ðB:5Þ
The principal values of the tensors of the membrane forces, mo-
ments, and transverse shear forces have physical dimension. We
note that since IPP = 0 (see (B.3)), Eq. (B.6) becomes
P P  IPð Þ ¼ 0: ðB:6Þ
It follows that the principal values of the tensor P are given by P1 = 0
and P2 = IP. Hence, the extremal values of the transverse shear force
are Q2 ¼ 
ﬃﬃﬃﬃ
IP
p
. Since the sign of the shear force is conventional, the
formula Q2 ¼
ﬃﬃﬃﬃ
IP
p
determines the maximum absolute value of the
transverse shear force at the point referred to the middle surface
of the shell. The minimum value of the shear force is Q1 = 0.
It should be noted that regardless of the shape of the ﬁnite ele-
ment, the principal values of the tensors always refer to orthogonal
directions and determine minimum and maximum values of the
physical quantity considered.
Appendix C. Transverse shear strain energy
Following Argyris et al. (1997), we write the part of the strain
energy of a ﬂat triangular shell element associated with the trans-
verse shear strains c13 and c23
PC ¼ 12
Z Z
F
CCðc213 þ c223Þ dx1 dx2; ðC:1Þ
where integration is performed over the triangle using the in-plane
Cartesian coordinates x1 and x2. Using the shear tensor Cmn = cm3cn3
(see Section 5), we rewrite C.1 as
PC ¼ 12
Z Z
F
CCðC11 þ C22Þdx1 dx2: ðC:2Þ
We express c13 and c23 in terms of the transverse shear strains ci, cj,
and ck measured along the triangle sides. Using coordinate transfor-
mation, one obtains three relations of the form
ki1c13 þ ki2c23 ¼ ci;
kj1c13 þ kj2c23 ¼ cj;
kk1c13 þ kk2c23 ¼ ck; ðC:3Þ
in which ki1 = (x1k  x1j)/li and ki2 = (x2k  x2j)/li are the direction co-
sines of the triangle sides. Three relations (C.3) constitute an over-
determined system of three algebraic equations for only two
unknowns c13 and c23. The reason is that c13 and c23 do not deter-
mine a two-dimensional tensor. Argyris et al. (1997) expressed the
two strains by solving the system ‘‘in pairs” and averaging the re-
sults. We note that, since the energy C.2 contains C11 and C22
and IC = C11 + C22 is the ﬁrst invariant of the tensor C written in
Cartesian coordinates, it is reasonable to directly ﬁnd the quantities
C11 and C22 as functions of Ci, Cj, andCk. To this end, we square Eq.
(C.3). Using the notation Cmn = cm3cn3 and Ci ¼ c2i , we obtain the
following system of three algebraic equations for three unknowns
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question considered):
k2i1C11 þ 2ki1ki2C12 þ k2i2C22 ¼ Ci;
k2j1C11 þ 2kj1kj2C12 þ k2j2C22 ¼ Cj;
k2k1C11 þ 2kk1kk2C12 þ k2k2C22 ¼ Ck: ðC:4Þ
Eqs. (C.4) are those linearly independent combinations mentioned
in Section 1 which uniquely relate the covariant components Cmn
of the tensor C to its generalized components Ci, Cj, and Ck. It
should be noted that system (C.4) is valid for any two-dimensional
tensor Emn (m, n = 1,2) and can be used to express the components
Emn referred to any Cartesian coordinates in terms of the normal
components of this tensor Ei, Ej, and Ek referred to the triangle sides.
Hence, solution of system (C.4) allows one to construct two-dimen-
sional approximations using one-dimensional approximations
which are much easier to obtain.
The solution of the algebraic system (C.4), which expresses C11
and C22 in terms of three quantities Ci, Cj, and Ck, is cumbersome.
The resulting expressions for C11 and C22 can be substituted into
(C.2) to give an expression for the transverse shear strain energy
which is equivalent to that obtained in Section 5 using the tem-
plates of the invariants for the triangle:
PC ¼ 12
Z
F
CCICdF; ðC:5Þ
where IC is determined by (5.5) and integration can be performed
using the area coordinates rather than Cartesian coordinates x1
and x2. For the model considered above, the transverse shear strains
and CC are constant within the triangular element, hence
PC ¼ 12CCICF.
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